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Abstract- Recent progress that we have made on the problem ofdetermining the effective properties
of random heterogeneous media from knowledge of the morphology is reviewed and extended. A
variety of different effectiw properties are considered, including the elastic moduli and electrical
conductivity of composites, time scales associated with diffusion and reaction among traps, and
fluid permeability ofporous media. We also remark on the importance ofmicrostructure fluctuations
in influencing the failure characteristics of composites. The preponderance of work thus far has
focused on heterogeneous media that are statistically homogeneous. We propose a model for
statistically inhomogeneous two-phase random media (including functionally graded materials)
consisting of inhomogeneous fully penetrable spheres that permits one to represent and evaluate
certain n-point correlation functions that statistically characterize the microstructure for this model.
Unlike the case of statisti~ally homogeneous media, the microstructure functions depend upon
the absolute positions of their arguments. Finally, we describe a novel procedure to reconstruct
heterogeneous media from limited knowledge about the microstructure and discuss applications of
this technique. ,~ 1998 Els~vier Science Ltd. All rights reserved.

I. INTRODUCTION

In light of the manifest technological importance of determining the effective parameters
of disordered heterogeneous materials (e.g. composite and porous media), an enOffilOUS
body of literature has evolved based upon direct measurement, empirical relations, and
approximate as well as rigorous theoretical methods [see Beran (1968); Bear (1972);
Christensen (1979); WilliS (1981); Milton and Phan-Thien (1982); Hashin (1983);
Torquato (1991); Ostoja·Starzewski (1994); Torquato (1997) and references therein].
Performing direct measure:ments on each material sample, for all possible phase property
values and volume fractions, is prohibitive from a time and cost standpoint. Empirical
relations are more useful for correlating data rather than predicting them. Since bulk
properties are sensitive to the details of the microstructure, a broader approach is to
calculate the properties from the microscopic structure (microstructure) of the disordered
material; one can then relate changes in the microstructure quantitatively to changes in the
macroscopic parameters.

The random heterog(:neous material is a domain of space l"-(w) E Rd (where the real
ization w is taken from some probability space Q) of volume V which is composed of two
regions: a phase 1 region 'Y1(w) of volume fraction <PI and a phase 2 region 'Y2(w) of
volume fraction <P2' Let Vi be the volume of region 1~, V = VI + V2 be the total system
volume, iJ'Y(w) be the surface between 'Y1 and 'Y2, and S be the total surface area of the
interface iJ'Y. The characteristic function of phase i is defined by

{
I,

I(r, w) =
0,

(1)

The characteristic function of the two-phase interface is defined by
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M(r, w) = IVI(r, w)l. (2)

If the media are statistically homogeneous, then ergodicity enables us to equate ensemble
averages (indicated with angular brackets) with volume averages, i.e. averaging (1) and (2)
yield

V
1Ji = 0) = lim -.:.,

Vi,v~oo V

s = (M) = lim ~,
s,v~oo V

(3)

(4)

which are the porosity and specific surface (interface area per unit system volume V),
respectively. Depending upon the physical context phase i can be either solid, fluid, or void.
However, if the system is statistically inhomogeneous, then 1Ji and s are no longer constants,
but depend on the local position r in the heterogeneous material.

For general rando:n media, the complexity of the microstructure prevents one from
obtaining the effective properties of the system exactly. Therefore, any rigorous statement
about the properties must be in the form of an inequality, i.e. rigorous bounds on the
effective properties. In LS far as property are concerned, this article will primarily deal with
rigorous property boun3s. Bounds are useful since they: (i) enable one to test the merits of
theories and computer ,~xperiments; (ii) as successfully more microstructural information
is incorporated, the bounds become progressively narrower; and (iii) one of the bounds
can typically provide a good estimate of the property for a wide range of conditions, even
when the reciprocal bound diverges from it (Torquato, 1991). Traditionally, minimum
energy principles are us,~d to generate bounds on effective properties that are expressible in
terms ofcertain n-point correlation functions that statistically characterize the morphology.
More recently, cross-property bounds have proven to be fruitful as well. By cross-property
bounds we mean bounds on one effective property (e.g. elastic moduli) that are given in
terms of other measurable properties of the same heterogeneous material (e.g. thermal or
electrical conductivity).

Much of the work on bounds has been carried out for statistically homogeneous
media. This will be rev.ewed briefly in Section 2. Here we also discuss the importance of
microstructure fluctuations in determining failure characteristics of composites. In Section
3 we will describe some very recent work on a model of statistically inhomogeneous media
and remark on bounds on properties for such media. Finally, in Section 4, we will report
on a new procedure to reconstruct the structure of a many-particle system using limited
statistical microstructural information on the system and discuss some interesting appli
cations of this technique.

2. STRUCTURE A\fD PROPERTIES OF STATISTICALLY HOMOGENEOUS MEDIA

Much progress hm; been made in recent years in characterizing the microstructure of
statistically homogeneous two-phase random media via a variety of n-point correlation
functions (Torquato, 1S86b, 1991). For ergodic ensembles, the n-point correlation functions
are translationally invariant, that is, statistical homogeneity is implied and, hence, one
can equate ensemble c.verages with volume averages in the infinite-volume limit. This
microstructural information is fundamental in rigorously determining the effective trans
port, electromagnetic and mechanical properties of ergodic two-phase random media
(Beran and Molyneux, 1966; Willis, 1981; MiltonandPhan-Thien, 1982; Torquato, 1991,
1997).

2.1. Bounds/microstructure relations
Improved bounds are bounds that depend nontrivially upon two-point and high-order

correlation functions and thus involve information beyond that contained in the volume
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fractions. In the cases of the conductivity and elastic moduli of isotropic materials, for
example, improved bounds are those which are tighter than the Hashin-Shtrikman bounds
(Hashin and Shtrikman, 1962, 1963). Improved bounds on a variety of different effective
properties have been derived in terms of Sn(xn), i.e. the probability of finding n points at
positions xn == Xl"'" xn in one of the phases (Prager, 1963; Beran, 1968; McCoy, 1970;
Milton, 1982; Milton and Phan-Thien, 1982; Berryman and Milton, 1985; Rubinstein and
Torquato, 1988; Torquato, 1991). For example, Silnutzer (1972) derived three-point
bounds on the effective axial shear modulus Ile of any transversely isotropic two-phase
composite in terms of integrals over Sb Sz, and S3' Milton (1982) obtained corresponding
four-point bounds. Although such three- and four-point bounds can provide significant
improvement over two-point bounds, the bounds diverge as the contrast between the phase
properties increases. The upper bound, for example, generally diverges to infinity when
phase 2 is super-rigid relative phase 1, even if phase is topologically disconnected. The
reason for this behavior is that lower-order Sn (see Fig. 1) do not reflect information about
percolating clusters or connected paths in the system and accordingly bounds involving such
lower-order information are referred to as conventional improved bounds.

Nonetheless, it is important to emphasize that it has been established (Torquato, 1991)
that one of the bounds can still provide a good estimate of the properties in high-contrast
situations, depending on wh~ther the system is above or below the percolation threshold,
i.e. the point at which a disconnected phase becomes connected. For example, Fig. 2
compares two-point (dotted curve), three-point (dashed curve), and four-point (solid curve)
lower bounds on the effective axial shear modulus Ile [computed by Torquato and Lado
(1992)] to "exact" Brownian-motion simulation data (Kim and Torquato, 1990) in the
extreme case of infinitely rigid fibers (GZ/G 1 = (0). Even though the upper bounds diverge
to infinity in this instance, thl~ four-point lower bound provides a good estimate of the data
since the cylindrical fibers do not form clusters (Torquato, 1991).

Conventional bounds on effective properties have been given in terms of other types
of statistical quantities, including point/q-particle functions Gn (n = 1+ q) (Torquato,
1986a) and surface-void Fsv and surface-surface Fss correlation functions (Doi, 1976;
Rubinstein and Torquato, 1988, 1989). Very recently, bounds on the effective thermal
conductivity of suspensions of spheres with imperfect interfaces were derived in terms of
related surface correlation functions (Torquato and Rintoul, 1995).

The aforementioned derived of conventional bounds in extreme instances not
withstanding, it highly desirable to derive sharper bounds in terms of morphological

0.2
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0.0 L_~~~-"-------,-----
0.0 1.0 2.0 3.0 4.0

Radial distance, r

Fig. 1. The two-point probability function S2(r) vs radial distance r for nonoverlapping and
overlapping spheres of unit diameter taken from Torquato (1991). Unlike the two-point cluster

function C2(r), S2(r) does not contain connectedness information.
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Fig. 2. Dimensionle:,s effective axial shear modulus IJ.,/G, vs fiber volume fraction rP2 for random
arrays of oriented cylindrical fibers in a matrix (G, is the matrix shear modulus). The fibers are
superrigid relative to the matrix. Dashed, dotted and solid curves are two-, three-, and four-point
lower bounds, respt:ctively. Note that even though the upper bound diverges to infinity in this

instance, the exact data (filled circles) lie close to the four-point lower bound.

quantities that better reflect percolation or connectedness information. Such bounds have
been recently derived and computed by Torquato and Rubinstein (1991) and by Bruno
(1991), using similar approaches, for the problem of conduction in particle suspensions.
Letting (Ji be the conductivity of phase i, they were able to derive an upper bound on
the effective conductivity (Je which remained finite, in general, in the limit (Je/(Jj ~ 00 by
incorporating information that the superconducting particles did not touch. Similarly, they
found lower bounds on (Je which did not necessarily vanish in the limit (Je/(Jj ~ O. Whereas
Bruno's bounds involve the minimum distance between all particle pairs, the Torquato
Rubinstein bounds incorporate the nearest-neighbor distribution function Hp(r). Bounds
involving Hp(r) have also been derived for the mean survival time (Rubinstein and
Torquato, 1988) and the fluid permeability (Rubinstein and Torquato, 1989).

The Rubinstein-Torquato variational principle for the lower bound on the mean
survival time 1: for K =, 00 has been generalized by Torquato and Avellaneda (1991) to treat
the case of finite surface rate constant K. Using this principle, Torquato and Avellaneda
derived a lower bound on 1: in terms of the first moment of pore size distribution function
P(r). P(r) dr is the probability that a point in the pore region f't lies at a distance between
rand r+dr from the nearest point on the interface J"f/. This function contains some
connectedness information.

2.2. Microstructure characterization
The previous section described some of the different types of statistical correlation

functions (Sno Gno F..,.Pm Hp , P) that have arisen in rigorous bounds on effective properties
(Torquato, 1991). Until recently, application of such bounds (although in existence for
almost 30 years in some cases) was virtually nonexistent because of the difficulty involved
in ascertaining the correlation functions. Are these different functions related to one
another? Can one write down a single expression that contains complete statistical infor
mation? The answers to these two queries are in the affirmative.

For statistically inhomogeneous systems of N identical d-dimensional spheres, Tor
quato (l986b) has introduced the general n-point distribution function Hn(xm

; xp
-

m
; r'I),

which is defined to be the correlation associated with finding m points with positions xm on
certain surfaces within the medium, p-m with positions xp

-
m in certain spaces exterior to

the spheres, and q sphere centers with positions r q
, n = p+q. He also found a series
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representation of H n which enables one to compute it. From the general quantity H n one
can obtain all of the afore-rr..entioned correlation functions and their generalizations. This
formalism has been generalized to treat polydispersed spheres (Lu and Torquato, 1991),
anisotropic media (e.g. aligned ellipsoids and cylinders) (Torquato and Sen, 1990; Lado
and Torquato, 1990) and cell models (Lu and Torquato, 1990b).

We should mention that quantities that are superb signatures of clustering and con
nectedness have been studied. and quantified. These include the pair-connectedness function
Pir) (Coniglio et al., 1977; Chiew et al., 1985; Stell, 1984) and two-point cluster function
C2(r) (Torquato et al., 1988). The reader is referred to the review of Torquato (1991) for
further details.

2.3. Cross-property bounds
An intriguing fundamental as well as practical question is the following: Can different

properties of the heterogenwus material be rigorously linked to one another? Such cross
property relations become {:specially useful if one property is more easily measured than
another property. Indeed, in the case of flow in porous media, the fluid permeability k is
difficult to measure in situ. Thus, any indirect measurement that can be made in situ to
ascertain k has great value. The same is true for relations that link the effective conductivity
and effective elastic moduli.

Rigorous relations have been obtained that connect the fluid permeability k to diffusion
parameters (Torquato, 1990; Avellaneda and Torquato, 1991; Torquato and Kim, 1992),
such as the mean survival time T (obtainable from an NMR measurement) and the effective
electrical conductivity (Je of a porous medium containing a conducting fluid of electrical
conductivity (JI and an insulating solid phase.

Can the overall thermal (electrical) response of a heterogeneous medium to an applied
thermal (electrical) load be related rigorously to the overall linear mechanical response of
the same medium to an applied mechanical load? The answer is in the affirmative. Milton
(1984), Berryman and Milton (1988) and Torquato (1992) obtained the first rigorous cross
property bounds that link conductivity and elastic moduli. Subsequently, these results
were improved upon by Gibiansky and Torquato using the so-called translation method
(Gibiansky and Torquato, 1993, 1995, 1996a). How sharp are these cross-property estimates
given an exact determination of one of the effective properties? To examine this question,
one can utilize exact results for the effective conductivity (Perrins et al., 1979) and effective
bulk modulus Ke (Eischen and Torquato, 1993) of hexagonal arrays of superconducting,
superrigid inclusions (phase 2) in a matrix. Agreement between the Gibiansky-Torquato
cross-property bounds and the exact elastic-moduli data is remarkably good (see Fig. 3).
It is noteworthy that standard variational upper bounds on the effective properties (such as
Hashin-Shtrikman) here diverge to infinity as they do not incorporate information that the
superrigid phase is in fact disconnected. By contrast, our cross-property upper bound uses
the fact that the infinite-co:ltrast phase is disconnected via conductivity information.

Gibiansky and Torquato (1996b) have found bounds on the effective elastic moduli of
cracked media in terms of the effective conductivity of such media. These represent the first
nontrivial bounds on the effective properties of cracked media which are independent of
the shapes and spatial distribution of the cracks. Cracks in a solid body can be considered
to be a particular limiting case of inclusions in a matrix in the limit when the moduli and
conductivity of the includ{:d phase and the inclusion volume fraction tend to zero. In this
distinguished limit, all conventional bounds on the effective properties of heterogeneous
media (e.g. Hashin-Shtrikman bounds) fail to deliver any useful results. The micro
geometries of cracks that satisfy the bounds exactly are identified.

2.4. Influence ofspatial variability on failure ofcomposites
It is of great practical interest to understand how spatial variability in the micro

structure of composites alfects the failure characteristics of the heterogeneous materials
(see Fig. 4). An in-depth summary of this important topic is beyond the scope of this paper.
The reader is referred to Duxbury and Leath (1994), Ostoja-Starzewski et al. (1994),
Haubensack et al. (1995), Zhou and Curtin (1995) and references therein for further
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Fig. 3. Comparison of cross-property bounds on the dimensionless effective bulk modulus K,fK,
(curves) with exact data (Eischen and Torquato, 1993) for hexagonal arrays of superconducting,

super-rigid inclusions. Here K, is the matrix bulk modulus.
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Fig. 4. Two systems a': the same volume fraction, but the right-most example has greater fluctuations.
The failure characteristics of these systems can be dramatically different from one another.

discussion. Here we motivate the need for quantitative characterization of microstructure
fluctuations by discussing the salient failure mechanisms for three different examples
reported in the literature.

The first concerns matrix cracking in fiber-reinforced ceramic composites. Barsoum et
al. (1992) reported data on strength vs fiber spacing for borosilicate glass reinforced with
SiC fibers under three-point bending. It was found that matrix cracks initiated at a lower
stress as the local fiber spacing increased. Thus, the important length scale is the largest
inter-fiber spacing, i.e. the extreme statistics govern the strength. This implies that naive
attempts to estimate the strength using a simple rule of mixture relation must necessarily
fail since volume fraction information is equivalent to average fiber spacing. Botsis et al.
(1995) subsequently showed that a Griffith-type scaling relation for the strength involving
the largest interfiber spacing provided good correlation with the data.

In another experimental study, MacKay (1990) investigated cracking in unidirectional
metal matrix composites under thermal cycling. It was found that residual stresses caused
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Fig. 5. A fiber composite nodeled as a two-dimensional lamellar material consisting of fiber and

matrix plates. N is the external compressive load.
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matrix cracks and interfacial debonding. Cracking was related to the fiber distribution;
more cracking occurred between the more closely spaced fibers within a row.

Finally, the last example concerns a theoretical study on the compressive strength of
unidirectional composites by Chung and Weitsman (1994). In their model, random fiber
spacing instigated the formation of severe transverse loadings on the fibers. The analysis
required the probability density of fiber spacingp(x) for the model depicted in Fig. 5. They
chose to model the statistic~: by a Voronoi cell tesselation, which is somewhat artificial and
unnecessary. An exact solution is described below, however.

We see from these three examples that spatial fluctuations in the microstructure can
have important consequences for the failure characteristics of composites. Microstructure
fluctuations is a topic of ~l long-standing interest in the statistical physics community,
but much of this work ha:; not permeated the applied mechanics or materials sciences
communities. Indeed, new developments are still taking place within the statistical physics
community. We will discuss some of our recent work along these lines focusing on statistics
of interfiber spacing and local volume frac tion flue tuations within an "observation" window.

Using the machinery of statistical mechanics, we have developed analytical expressions
for probability density for interfiber spacing p(x) for several models (Torquato and Lu,
1993), including the one depicted in Fig. 5. For this latter case of random impenetrable
fibers of unit diameter at fiber volume fraction 4>2' we have found the exact relation

This function is plotted in Fig. 6 for two different volume fractions. Of course, there are
many other measures of interfiber or interparticle distances [such as the nearest-neighbor
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Fig. 6. Probability density f mction p(x) interfiber spacing x for two different values of fiber volume
fraction ¢2 for the model depicted in Fig. 5.
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distribution function (Torquato, 1995)] which we will not be able to describe here in any
detail.

Although the volume fraction is a constant for a statistically homogeneous random
medium, on a spatially local level it fluctuates and hence is a random variable efor a given
"window" size (see Fig. 7). The coarseness C (Lu and Torquato, 1990a) is defined such
that

where angular brackets denote an ensemble average. The coareseness provides a measure
of the uniformity of coverage of the phases. For infinitely large observation window volume
Vo, C must tend to zero. The coarseness C can be used to quantitatively determine the
minimum length scale over which fluctuations can be regarded to be sufficiently small (see
Fig. 7).

For general aniso:ropic media (Lu and Torquato, 1990a), it can be shown that

I {f }1/2C = ¢ I V
o

[S2 (r) - ¢i]v~t(r) dr

Here S2 is two-point probability function and vznt(r) is intersection volume of two obser
vation regions whose ,~entroids are separated by the displacement r. Thus, the coarseness
can be determined by measuring S2 and then performing the integration above. It also can
be measured directly from micrographs of the material. Lu and Torquato (1990a) computed
C for a variety of model microstructures.

To further study local fluctuations in the volume fractions, we have calculated recently
all of the moments of ~ or, equivalently, the full distribution of ~ for several models of
random media using analytical and simulation methods (Quintanilla and Torquato, 1997a).
Generally, the probability distribution is not Gaussian (normal). We determined the con
ditions under which ecan be reasonably approximated by a normal distribution, i.e. when
the coarseness C characterizes the fluctuations well.

We should note that one can also define a local effective property value for a given
window and hence examine local property fluctuations. The reader is referred to Ostoja
Starzewski (1994) as an example of such a study in which the effective elastic moduli were
computed numerically.

\

\

Fig. 7. Depiction of a spherical observation window of radius a at a particular point in a random
medium. Clearly the matrix volume fraction contained within the window will fluctuate from pomt

to point.
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3. STRUCTURE AND PROPERTIES OF STATISTICALLY INHOMOGENEOUS MEDIA

The preponderance of previous work on heterogeneous media assumes statistical
homogeneity. Significantly less research has been devoted to the study of statistically
inhomogeneous random media. In such instances, ergodicity is lost; that is, one cannot
equate ensemble and volume averages. Moreover, the n-point correlation functions are no
longer translationally invariant, implying that they depend upon the absolute positions of
the n points. For example, the probability of finding a point in phase i at position x or,
equivalently, the volume fraction of phase i, cP;(x), now depends on the position x. (This is
in contrast to homogeneous media in which cP;(x) is a constant.) One simple example of a
statistically inhomogeneous medium is any two-phase system which is defined on a finite
region. Although most appli,;ations permit cP[(x) to vary in only one direction, it can be
chosen to be any function in principle. However, defining a two-phase medium on an
infinite region does not preclude statistical inhomogeneity. Physical examples of statistically
inhomogeneous, two-phase media include, composites in which the heterogeneity length
scale is not much smaller than the macroscopic size of the sample, functionally graded
materials [see Abboud et al. (1994); Fukui et al. (1994); Cherradi et al. (1994); Zuiker and
Dvorak (1994); Reiter et al. (1997); Nadeau and Ferrari (1995)] porous media with
spatially variable fluid permeability (Gelhar, 1993), and distributions of galaxies (Bond et
al., 1996).

3.1. Model of inhomogeneou~fully penetrable spheres
Following the development of the study of the microstructure and properties of

homogeneous random medi~i, we propose a microstructural model for particulate, statis
tically inhomogeneous two-phase random media in this paper. This model is a two-phase
system consisting of an inhomogeneous distribution offully penetrable spheres in space whose
particle density obeys any specified variation in volume fraction. The space exterior to the
spheres is called phase 1, and phase 2 is the space occupied by the spheres. This inhomo
geneous model is nontrivial in that cluster formation naturally arises and it permits sig
nificantly more complicated microstructures than the aforementioned layered models. Four
two-dimensional realizations of this model with different grades are shown in Fig. 9.

We will consider D-dimensional space ~D as our measurable space. We also assume
that v is a measure on ~D so that the measure vB of any measurable set B with respect to v
is given by

0.1

o 10 20
VO/V1

Fig. 8. The coarseness C militiplied by the asymptotic long-range value of (VoIV1)1/2 vs the ratio
Vol VI for random impenetra'Jle spheres in matrix, where Voand V, are the volumes of the observation
window and inclusion, respt:ctively [taken from Lu and Torquato (1990a)l. The range over which
C(VoIV1)1/2 oscillates can be used to determine the minimum length scale over which fluctuations

can be regarded to be sufficiently small.
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Fig. 9. Four realizations of statistically inhomogeneous fully penetrable disks. System (a) may be
thought of as arisin g from a centrifugal field, while system (b) can be viewed as a system in an "anti
centrifugal" field. System (c) is one under a constant gravitational field in the vertical direction,
whereas system (d) has a linear grade in the volume fraction in the horizontal direction. The density
functions of system, (a)-(d) are given by (5)-(8), respectively, with parameters that are given in the

text.

(1)vB = Lp(X)dX

for some function p on g,fD. When p(x) = 1 for all x, the measure v is ordinary Lebesgue
measure and, hence, 'IB is simply the volume of B. Condition (l) is satisfied if v is absolutely
continuous to Lebesgue measure (Royden, 1988).

A general Poisson process AI with intensity measure v is defined to be a point process
which satisfies the following two properties (Stoyan et al., 1995) :

(i) The number of points in a bounded Lebesgue set B has any Poisson distribution
with mean vB, that il:, for m = 0, 1,2, ... ,

(vB)m
Pr(X(B) = m) = ~1_e~VB.

m.
(2)

(ii) For all n ~ 2, the random variables X(A t ), ••• , X(A n) are independent whenever
the Lebesgue sets At, ... ,An are pairwise disjoint.
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The density p(x) is called the density function of .Ai ; this function will be used often in
this paper. It is important to note that if p(x) = p, a constant, then a general Poisson
process reduces to an ordinary Poisson process with number density (or intensity) p.
However, even if p(x) is not constant, it has an appealing intuitive interpretation: p(x) dx
is the probability that there i~ a point of .Ai in an infinitesimal region dx about x.

We notice from condition (i) that the probability that a region B contains no points
of.Ai is

Pr(.Ai(B) = 0) = e- vB = exp [ - Is p(x) dXJ (3)

This calculation of the exclusion probability for B will be used repeatedly for different sets
B in the calculations of Section 4.

We also notice that this general framework can be used to define systems on afinite
region fJIt by choosing the int,ensity function to be the restriction of p to f7l, that is,

{
P(X), xEfJIt,

Pgf(x) = .
0, otherwIse.

(4)

The microstructure functiom: for such finite systems are then calculated by using pgf in place
of p.

Simulating realizations of general Poisson processes can be easily done in two stages
if the density function p(x) i, bounded on fJltD (Stoyan et at., 1995), say p(x) ::::; p*. First, a
Poisson process of density p* is simulated. Second, the resulting point pattern is thinned.
Each point x, independently of the other points, is kept with probability p(x)/p* or deleted
with probability 1-p(x)/p* The resulting point pattern is a general Poisson process with
intensity function p(x). This construction may be enhanced by partitioning fJltD into regions
in which p(x) does not vary,ignificantly. Finally, we place spheres of common radius R on
the points of .Ai to construct a realization of inhomogeneous fully penetrable spheres.

Four examples of the dmsity function are given as follows:

(a) p(x,y) = C ('~y,

c (rIo)(b) p(x,y) = R
2

exp - L '

(c) p(x,y) = ~2 exp ( - ~}

c ([I+e]A)
(d) p(x,y) = R21n [1 +e]L-x '

(5)

(6)

(7)

(8)

respectively. Here r is the distance from a fixed point (say the center of the system), C is a
multiplicative factor, L is the length scale of the entire system, A is the length scale of the
grade in volume fraction, and e is very small. For all of these systems, the origin is placed
at the lower-left corner. As discussed above, the value of the density function p(x) at a
given point x is directly correlated to the average density of centers around x. The systems
generated by these density functions may be thought of as arising from special external
fields. System (a) may be thought of as arising from a centrifugal field, while system (b)
can be viewed as a system in an "anti-centrifugal" field. System (c) is one under a constant
gravitational field in the vertical direction, whereas, as we will show in Section 4, system
(d) has a linear grade in the volume fraction in the horizontal direction, given by
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(1 +e)L-x
<PI (x) ~ (I +e)/I. . (9)

Other systems with different grades in volume fractions can also be constructed with
different choices of thl~ density function p(x).

Note that there ae three length scales associated with these systems: the size of the
particles R, the size of the region L, and the length scale /I. of the variation of p(x,y). Even
if the region is taken to be infinite, there will still be two length scales for these systems,
namely, R and /I.. This is in contrast to homogeneous two-phase random media on infinite
domains, which posse~;s only the length scale of the particles. We again note that statistically
inhomogeneous systems are not ergodic and hence ensemble averages cannot be equated
with volume averages.

In Fig. 9 we prest:nt realizations of inhomogeneous fully penetrable disks with density
functions given by (5)-(8). Although only two-dimensional realizations are presented, the
simulation procedure may be used in higher dimensions as well. For all four systems (a)
(d), the size of the particles is R = I, and the macroscopic system size is L = 200. We also
use the following parameters to generate Fig. 9:

(a) C= 0.8, ), = I,

(b) C = 0.6, /I. = 5,

(c) C= 0.3, /I. =4,

(d) C = lin, /I. = L.

(10)

(11)

(12)

(13)

We also notice that the maximum volume fraction of phase 2 in system (d) is <P2 ~ I along
the right edge, but the maximum particle volume fraction for (c) is roughly <P2 ~ 0.6 on the
bottom edge.

We see in these figures that even the concept of volume fraction has lost its simplicity:
the probability that a point lies in a sphere is dependent on the absolute location of the
point. In fact, all of the usual microstructure functions will depend on the absolute positions
of the arguments. Nonetheless, the general theory of Poisson processes can be employed to
characterize the microstructure of inhomogeneous fully penetrable spheres.

3.2. Calculation of the microstructure functions
In this section, Wf summarize the procedure used by Quintanilla and Torquato (1997b)

to obtain the general n-point distribution function H n in the special case of statistically
inhomogeneous fully penetrable spheres. From this relation we can then compute any of
the correlation functions that have arisen in rigorous bounds on the effective properties of
such media. For purposes of illustration, we focus on obtaining the n-point probability
function Sn for phase I, the nearest-neighbor functions E and H, and the lineal-path
function L.

Torquato (1986b) calculated the general n-point distribution function for homo
geneous fully penetrable spheres and found

In this expression, Vp(xP ; aP) is the union volume ofp spheres of radii at' == aI, ... , apcentered
at x I. ... ,xp , respectively, Yij = IXi-fjl and
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(15)

The calculation of H n for statistically inhomogeneous fully penetrable sphere is a bit
more involved, but we have noticed that the inhomogeneous result can be obtained from
the homogeneous expression (14) with the following replacements:

(16)

(17)

where p(r) is a position-dependent number density of inclusions.
The n-point function Sn can be obtained from the Hn following the prescription given

in Torquato (l986b). Specifically, we find that

Sn(Xn) = exp [- r p(r) dr],JV.(x';R)

(18)

where Vixn
; R) is the union ofn spheres with common radius R centered at xn

• In particular,
the one-point probability function SI(X), equal to the volume fraction 4>1(X) of phase I, is
given by

SI (x) = exp [- r p(r) dr].
JV,(X;R)

(19)

In Fig. 10, SI is plotted, for system (d), the linear-grade model of Fig. 9. Recall that
the radii of the disks is unity and the side length of the square is 200 and the origin is placed
at the lower-left corner of sy~;tem (d). We present graphs of S2 for this same density function
in Fig. II. We see that S2(X], X2) is dependent on both the absolute positions of Xl and X2,
expressed in this figure through the location of Xl and the distance and direction of the
displacement X 2-XI . We also see that S2 increases somewhat as () increases from °to n12.
This is intuitively clear sinct: the volume fraction of phase 1 decreases as the x-coordinate
Increases.

1.0~

0.8

0.6

'S(

~
0.4

0.2

0.0 '---_.~_---'-__~_..J.-_~_--'__~_ _'>J

o 50 100 150 200
Absolute position, x

Fig, IQ: Phase I volume fraction <Pl(X) = S,(x) vs position x for system (d) of Fig. 9, calculated
from (19). The grade in volume fraction is approximately given by <p,(x) = I-x/L.
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' .... ...._------------======~

0.0 L-~_L_~_L_~___J'_____~______'_~-.l._~--.J

o 2 3 4 5 6
Radial displacement, Z

Fig. 11. The two-point probability function S2(X h x2) ys radial distance z = IX2 - xii for system (d)
of Fig. 9. The x-coordinate of x, is chosen to be 50 (solid lines), 100 (dotted lines), and 150 (dashed
lines) ; recall that the side length of the box is L = 200. In each set oflines, the lowest line corresponds
to IJ = 0 [where x2 -x, =(zcoslJ,zsinlJ)), the middle to IJ = n/4, and the highest to IJ = n/2. As
expected, 82 is depel1dent on the absolute positions of Xl and x2, not just the radial displacement.

The exclusion probabilities Ey(x; z) and Ep(x; z) (Torquato, 1991) can also be obtained
from the general n-po:.nt function. The function Ey(x; z) is the probability that the sphere
VI (x; z) of radius z centered at a point x in the void phase contains no particle centers,
while Ep(x; z) is the probability that the sphere contains no other particle centers given that
x is a particle center. For homogeneous and inhomogeneous fully penetrable spheres, these
probabilities are identical and will be referred to as E(x; z). Clearly, E(x; 0) = 1 and
E(x; R) = cf>1 (x). From relation (14) for Hn and the prescription relating H n to E (Torquato,
1991), we find

E(x; z) = exp [- r per) drJ
JVl (x;z)

(20)

and similarly for H(x; z). Plots of E for the linear-grade model (d) of Fig. 9 are shown in
Fig. 12. The nearest-neighbor distribution function (more accurately, probability density
function) is defined from E by

oE(x ;z)
H(x;z) = - oz . (21)

The so-called lineal-path function L(x!> X2), the probability that the line segment
connecting Xl and X2 lies entirely in phase 1, was also calculated for this model. These
results are presented in the work of Quintanilla and Torquato (1997b).

3.3. Effective properties ofstatistically inhomogeneous media
As alluded to earlier, for statistically inhomogeneous media in which there is a grad

ation of density, there are at least three characteristic length scales; the microscale R (e.g.
size of particles or average interparticle distance), the gradation length scale A, and the
macroscopic length of the composite sample L. Consider the situation in which L » A > R.
Let the variable x describe variation on the macroscale ("slow scale") and y = x/a describe
variation on the microscale ("fast scale"), where a = R/A. It is well known that if a -+ 0,
then the homogenized constitutive relation (Sanchez-Palencia, 1980) will involve effective
properties that will depend upon the position x. In this distinguished limit, one can then



Morphology arcd effective properties of disordered heterogeneous media

1.0 I-:"=--~--,-----~-----,----_--~

\

\

0.8 \
\
\
\
\

0.6 \
\

IJJ
\
\
\

0.4 \
\
\

\
\

0.2 \
\

\
"- ....

"-
~

0.0
0 2 3

Distance, Z

Fig. 12. The exclusion probability E(x; z) vs radial distance z for system (d) of Fig. 9. The x
coordinate of x is chosen to be 50 (solid line), 100 (dotted line), and 150 (dashed line). We see that

E is dependent upon the absolute position x.
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apply previous homogeneous effective-property estimates that incorporate volume-fraction
information only (e.g. self-consistent approximations, Voigt-Reuss bounds, Hashin
Shtrikman bounds) by evaluating them at the position-dependent phase volume fraction
(/>;(x). For example, the Voigt-Reuss bounds on the position-effective bulk modulus Ke(x)
are given by

(22)

(23)

Similarly, the three-dimenBional Hashin-Shtrikman bounds on Ke(x) for K 2 ~ K] and
G2 ~ G] are

(24)

(25)

However, these formulas are, strictly speaking, not valid even when e is small, but non
zero, i.e. the effective properties will no longer be scale-independent, but depend upon A.
Nonetheless, recently Reit,~r et al. (1997) have shown that the self-consistent and other
approximate methods can provide reasonable estimates of the effective properties in those
parts of graded composite materials with a well-defined continuous matrix and dis
continuous reinforcement. Another situation in which formulas such as (22)-(25) will break
down is when L is not much larger than Ie or R. In this instance, it may not even be
meaningful to speak about effective properties or, at best, there will be corrections to the
effective properties that depend upon the sample size and boundary conditions.
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4. RECONSTRUCTING RANDOM MEDIA: AN INVERSE PROBLEM

A very interesting problem in the image analysis of real heterogeneous media is the
reconstruction problem, i.e. the generation of model microstructures that, at some level,
has the same statistical properties as the real heterogeneous media. Having reconstructed
the heterogeneous medium, one can then evaluate its effective properties (via direct simu
lations) and compare these values to experimentally measured transport properties of the
actual porous medium. There are a few such studies in the literature, but a notable one is
the work of Adler et al. (1990) who reconstructed sandstones using the standard two-point
probability function S2(r) mentioned earlier. They found that the experimentally measured
permeabilities were about five times larger than the reconstructed permeabilities. The reason
for this large discrepancy is clear-Sir) does not contain connectedness information about
the pore space. A more general procedure is needed that is capable of incorporating other
correlation functions, especially those that reflect connectedness information.

Rintoul and Torquato (1997) have very recently proposed a novel procedure to recon
struct the many-body systems from given structural information (see Fig. 13). Our pro
cedure is a variation of the simulated annealing method that is commonly used to solve a
variety of general problems relating to finding a state of minimum "energy" among a set
of many local minima (Brooks and Morgan, 1995). The energy does not necessarily have
to be a physical energy of the system, but can be any relevant objective function (e.g. time
in a production proce:;s). The success of the reconstruction can be measured by how well

Original
Many-Body System

Measure correlation functions

f(r)

to reconstruct original system

Reconstructed
Many-Body System

Fig. 13. Schematic of reconstruction process.
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the reconstructed system reproduces not only the correlation functions from which the
reconstruction was perform~d, but other correlation functions as well. Clearly, even if the
correlation functions of the reference and reconstructed systems are in good agreement,
this does not ensure that structures of the two systems will match very well. This interesting
question of nonuniqueness can also be probed.

4.1. Reconstruction procedure
We first describe our n:construction methodology by considering a single correlation

function associated with the original, or "reference" system. For simplicity, we assume a
reference two-point correlatlon function of the formfo(r) that depends only on the distance
r between two points in the system. Examples of such correlation functions are the two
point probability function 82(r) (Torquato and Stell, 1985), radial distribution function
g(r) (Hansen and McDonald, 1986), pair-connectedness function Pir) (Coniglio et al.,
1977), two-point cluster function C2(r) (Torquato et al., 1988), and pore-size distribution
function P(r) (Torquato and Avellaneda, 1991). The reference function is the one that we
will attempt to reproduce in a many-body system created via computer simulation. The
same correlation function a:;sociated with the many-body system in the simulation will be
denoted asfs(r) and it is this system which we will attempt to evolve towardsfo(r). Because
fs(r) of our simulated many-body system is based on the distribution of the distances
between particles in a finite system, it is necessary to discretize fs(r) through a process of
binning. In this process, the relevant values of the correlation functions at different inter
particle separation distance~; rij are calculated and are placed in equal sized bins of width
Wb centered at rb such that

(26)

Oncefs(r) is known at the specific values of the bins, one can define a variable Ewhich
plays the role of the "energy" in the simulated annealing calculation as

(27)

where Pi is an arbitrary weight which is implicitly a function of r through its dependence
on the ith bin, and the sum is over all bins. Defined in this manner, E has the property of
decreasing when the difference between any two bins decreases. The variable Pi can be
varied depending on whether one wants to weight small values of the radial distance r
greater than larger values or r. This is sometimes useful since the small r values offs(r) are
more important in determining the system structure.

In order to evolve the system towardfo(r), we choose a particle i and give it a random
displacement br. Then, the energy E' of this state is calculated. We can now calculate the
energy difference between two states 11E = E' - E, and define the acceptance probability of
the move p(11E) via the method originally proposed by Metropolis et al. (and used in many
simulated annealing calcula:ions) as

{

I
p(11E) =

exp( -11E/kT)

11E ~ 0

11E> O.
(28)

This method causesfs(r) to move gradually closer to fo(r). The value of Tis chosen to allow
the system to evolve to the desired state as quickly as possible, without getting trapped in
any local energy minimum. For most simulated annealing problems, T is varied as a
function of time in the simulation in order to reach the desired result as quickly as possible.
This variation of T as a function of time is known as the cooling schedule.

This procedure can be naturally generalized to a more complicated dependence on the
positions of the particles. This is done by considering a reference n-point correlation
functionfo(r"), which depends upon n different positions rn = rl> ... ,rn- Also, one can even
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extend the process to m different n-point correlation functions by defining a reference
function.fo(r"), where

fo (I"') = fbi) (I"') +frr) (I"') +, ... , +fbm
) (1"'),

[and a similar accompanying.fs(r")] giving an energy

E = IJ3,(.fs(r") - fo(r"»2,
;

(29)

(30)

where the sum is a multidimensional one over all bins, and again, Pi depends implicitly on
I'" through the ith bin.

4.2. Applications to many-particle systems
We apply our formulation by considering a reconstruction ofa non-equilibrium system

created by the random sequential adsorption (RSA) process (Widom, 1966; Feder, 1980)
in two dimensions. In this process disks are placed randomly and sequentially on a surface
such that each disk is adsorbed if it does not overlap any of the disks already adsorbed.
The geometrical blocking effects and the irreversible nature of the process results in struc
tures that are distinctly different from corresponding equilibrium configurations, except for
low densities (Widom, 1966). The jamming limit (the final state of this process whereby no
particles can be added) occurs at a volume fraction ¢ ~ 0.55 (Feder, 1980).

For the purpose:, of illustration, we specialize in this paper to the case when the
reference correlation function is taken to be the well-known radial distribution function
(RDF) g(r). The quantity p2nrg(r) dr gives the average number of particle centers in an
annulus of thickness dr at a radial distance of r from the center of a particle (where p is the
number density). The RDF is of central importance in the study of equilibrium liquids in
which the particles interact with pairwise-additive forces since all of the thermodynamics
can be expressed in terms of the RDF. The RDF can be ascertained from scattering
experiments, which makes it a likely candidate for the reconstruction of a real system. The
use of the RDF implies that in eqn (27) .fo(r) = g(r), i.e. the reference function is a single
function that depends only on the interparticle distance r. The weight P; used in this case
was l/r;. The RDF for a reference RSA system was obtained by averaging over 100 RSA
systems of 50,000 di~.ks at a disk volume fraction ¢ = 0.543. The RDF was used for
distances 1 ~ r/a ~ 5. Also, since the RSA system does not allow overlap, trial moves
causing disks to overlap were rejected. We will attempt this reconstruction using a starting
condition of 5000 random equilibrium disks. The simulated annealing temperature Twas
kept constant for the simulation. We found that a more complicated cooling schedule did
not significantly speed the reconstruction process.

Figure 14 shows that the reference RDF and reconstructed RDF agree fairly well at
¢ = 0.543 in the RSA system. There is a slight discrepancy near the minima and maxima
of the original RDF, with the peaks being slightly larger in the reconstructed RDF. The
reason for this is partially due to the finite temperature used in the reconstruction. This
temperature, which allows some moves to occur regardless of their effect on the RDF,
causes the system to have some small amount of equilibrium-type behavior. This behavior
is reflected by the more pronounced extrema in the reconstructed system. However, the
actual disk systems themselves are difficult to distinguish visually. Figure 15 shows a
realization of the reft:rence RSA systems at ¢ = 0.543 in (a), and the system which was
reconstructed from the initially random system in (b). However, we should point out that
we also reconstructed a system with essentially the same RDF, but from an initially periodic
lattice ofdisks.

As a quantitative comparison of how the original and reconstructed systems match,
we can compare the pore-size distribution P(r) defined in Section 2. This is significantly
different information than that contained in g(r), and is therefore a useful way to compare
the success of the reconstruction. The pore-size functions are very similar, with the difference
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Fig. 14. The radial distribution function (RDF) g(r) vs the dimensionless radial distance rlu for an
RSA system with 1> = 0.543 compared to the reconstructed system.
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being that the reconstructed system is somewhat longer ranged. This is due to the fact that
the reconstructed system tends to "cluster" the particles together in order to get the required
contact values, while the original RSA system has very few large pores, due to the nature
of the adsorption process. However, this discrepancy is not surprising since there must
always be some degree of nonuniqueness.

Our formulation provides a quantitative means by which a system can be reconstructed
from one or more correlation functions associated with the original system. This is impor
tant because in many experiments, the actual structure of the random many-body system
is not known. Rather, it is the structure factor (or equivalently the RDF) that is directly
measurable. Our procedure gives one confidence that a reasonable facsimile of the actual
structure can be produced from the RDF for a class of many-body systems in which there
is not significant clustering of the particles. Elsewhere, we study the reconstruction ofmany
particle systems that can form clusters (Rintoul and Torquato, 1997) where the use of the
RDF is more problematical. However, when clustering is significant one could use cor
relation functions that refkct connectedness information such as the pair-connectedness
function or two-point clusll~r function.

4.3. Extensions and other applications
Although we speciali2ed to equi-sized disks in this simulation, our procedure can

treat disks with a size distribution. Moreover, Yeong and Torquato (1998) have recently
generalized the procedure to treat digitized images of random media obtained from 2D
micrographs or 3D tomographic techniques (Coker et al., 1996). The reconstruction is
performed in a manner similar to the disk system by taking an occupied "pixel", and
exchanging its position with an unoccupied one. The move is rejected or accepted based on
whether or not the new correlation function for the system is "closer" to the reference
function. For reconstruction of digitized media, one does not use n-particle distribution
functions as the correlation function. Rather we use n-point correlation functions, such as
the aforementioned n-point probability function Sn'

Another intriguing inverse problem that we can pursue with this procedure is the.
construction of heterogeneous media based on the specification of a model or hypothetical
statistical correlation function. This question involves understanding the general mathe
matical properties of realizable correlation functions. Moreover, there are a family of
structures that can have the same correlation function. There may be many structures
within this family that pOSHess similar effective properties. However, it is likely that some
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(a)

(b)

Fig. 15. (a) A portion of a sample RSA system at rjJ = 0.543; (b) a portion of the reconstructed
RSA system at rjJ = 0.543. The systems are fairly similar, but (b) occasionally contains large void

areas which are not seen in the true RSA system.

structures within this family will have markedly different effective properties and it would
be of interest to identify the outliers. Understanding this question of nonuniqueness as it
relates to the effective properties of heterogeneous media will offer great insight into the
structure/property relations. This extension will be reported on in a future paper.
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